Abstract -In this paper a simple equilibrium finite element on quadrilaterals is introduced and analysed. An optimal a priori error estimate has been obtained for arbitrary regular quadrilaterals. 2000 Mathematics Subject Classification: 65N30.
Introduction
In the classical mixed finite element analysis, both triangular and rectangular equilibrium finite elements have been proposed by many authors, for example, Raviart -Thomas (RT) elements, Brezzi -Douglas -Marini (BDM) elements or Brezzi -Douglas -FortinMarini (BDFM) elements (see, e.g., [1] ). These elements have been successfully used in many applications.
These elements are H(div, )-conforming. They provide an optimal-order approximation in H(div, ) of smooth vector fields on 2D shape regular rectangular meshes. However, the H(div, ) convergence has been proved only for asymptotically parallelogram meshes [2] . On arbitrary quadrilaterals, Wang and Mathieu [3] analyzed variants of these elements, but the important commuting diagram property does not hold. More recently D. N. Arnold, D. Boffi and R. Falk [2] introduced a new quadrilateral Raviart -Thomas space (with six degrees of freedom for a lower order) which provides an optimal order of approximations in H(div, ·). In this paper, we propose an alternative of the lowest-order Raviart -Thomas-rectangular element with four degrees of freedom. This new equilibrium finite element not only admits in arbitrary regular quadrilaterals the optimal order of approximation in H(div, ·) but also satisfies the commuting diagram property.
Quadrilateral equilibrium finite element
Let K be a convex and nondegenerate quadrilateral domain (i.e., not reduced to triangle), {a i } 1 i 4 be its vertices numbered counterclockwise, and {e i } be its edges [a i , a i+1 ] and let T i denote its sub-triangle with vertices a i−1 , a i , a i+1 , the indices being numbered modulo four. The outer normal at the edge e i of K is denoted by n i . Let h i be the diameter of S i , and ρ i the diameter of its inscribed circle. We set
Clearly, h K is the diameter of K, and σ K is a measure of the non-degeneracy of K. Finally, we denote by RT 0 (K) = (P 0 (K)) 2 + (x, y)P 0 (K) the classical triangular RT -space [1] . In the sequel, we denote by C a positive generic constant depending only on σ K which can change from one line to another.
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First, we have the following lemma which is easy to prove
then p = 0. Now, we are able to prove the main theorem of this section:
finite element if and only if there exists S
and there exists i ∈ {3, 4} such that
, and
which implies that
and there exists i ∈ {3, 4} such that e i S K .n i dσ = 0. Sufficiency. First, because S K satisfies (2.1) and (2.2), by Lemma 2.1 we have
with q ∈ RT 0 (K) and α ∈ R such that ∀i = 1, . . . , 4, e i p.n i dσ = 0. On the one hand, we have
which implies, using Lemma 2.1, that q = 0.
On the other hand, since there exists j ∈ {3, 4} such that
then α = 0 and p = 0, which completes the proof.
Finally, we have the following theorem.
and
Then the triple (K, Q K , Σ K ) is an H(div, ·)-conforming finite element if there exists i ∈ {3, 4}
such that
and for all i = 1, . . . , 4, S K .n i ∈ P 0 (e i ).
Example 2.1. Let F be a bilinear map from the unit squareK to the quadrilateral K, andφ ∈ Q 1 (K) be a unique element such thatφ(â i ) = δ 4 i , we define the function φ by φ(x) =φ(x) and we set S K = rot(φ). Then it is clear that div(S K ) = 0, S K .n i ∈ P 0 (e i ), i = 1, . . . , 4, and S K .n i = 0, i = 1, 2, and S K .n 3 = 0.
Using Theorem 2.2, we obtain that the triple (K,
If K is a rectangle, the space Q K is exactly the classical Raviart -Thomas space. Using again Theorem 2.2, we obtain that the triple (K,
Example 2.2. Let (S K ) ∈ H(div, K) be a unique function such that
∀j = 1, 2, S K |T j ∈ RT 0 (T j ), div(S K ) =Q K , Σ K ) is an H(div, ·)-conforming finite element.
A priori error estimate
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To obtain the a priori error estimate, we give the following two lemmas, the first one of which is easy to prove. Lemma 3.1. There exists a constant C such that
There exists a constant C such that
On the one hand, we have
Using (3.1) and the Green formula and the last inequalities, we obtain
4).
On the other hand, we have e 3 u.n 3 dσ = α + e 3 p.n 3 dσ, which implies
Using (3.4) and (3.5), we obtain
Now, we are able to prove the following Theorem 3.1. There exists a constant C such that, for all u ∈ (H 1 (K)) 2 , we have
which implies, using the trace Theorem
and then
Application. Let (S K ) be one of the functions defined in examples 2.1 or 2.2. It is clear that such a function satisfies our hypothesis and S K 0,K C. Using theorem 3.1 in these two cases we obtain Theorem 3.2. There exists a constant C such that, for all u ∈ (H 1 (K)) 2 , we have
and if div u ∈ H 1 (K), we have
